We consider a controllability problem for a beam, clamped at one boundary and free at the other boundary, with an attached piezoelectric actuator. By Hilbert Uniqueness Method (HUM) and new results on diophantine approximations, we prove that the space of exactly initial controllable data depends on the location of the actuator. We also illustrate these results with numerical simulations.
Introduction
There exists now a large literature concerning the study of flexible structures in interaction with piezoelectric actuators. Two directions of research can be exhibited. The modelling problem and the controllability problem.
The modelling problem is now well-understood and many dynamical systems modelizing a flexible structure with a piezoelectric actuator can be found in the literature; e.g. model based on finite elements (see [2, 11] ), finite-dimensional approximations (see [18, 10, 19] ) and also partial differential equations modelizing completely the distributed control problems (see [6, 7] ).
To the best to our knowledge, there exists only one controllability result with the initial distributed control problem which is [20] . This paper deals with a controlled beam hinged at both ends. The main purpose of this paper is to study the exact controllability of a beam in a more physical configuration: the clamped-free boundary conditions, i.e a beam clamped at one end and free at the other end. There exist technological and industrial (see [14] ) motivations to study the control of smart structures with piezoelectric actuators with such boundary conditions.
In this paper we use the Hilbert Uniqueness Method (HUM) which is an classical approach to look for a controllability result (see [15] ) combined with new results of the theory of diophantine approximations.
With such physical conditions, the controllability problem is a completely different issue from [20] although the method used in this paper and in [20] is the same one (namely HUM). Indeed the computations and the diophantine approximations used in [20] and in this paper are slightly different and here we use some new results in the theory of diophantine approximations.
The main results stated that we have an exact controllability property at time T ¡ 0, if the piezoelectric patch's end are well chosen. Roughly speaking, this exact controllability property means that the solutions of our model is at the equilibrium at time T for sufficiently regular initial conditions.
Two main results are proved in this paper (See Section 2 for a precise statement): Moreover we compute explicitely the voltage on the actuator we need to apply to get theses exactcontrollability properties. We check on numerical simulations that the exact-controllability is obtained. To do this we consider the physical scaling parameters and look for the applicability of our control law.
The paper is organized as follows. In Section 2, we introduce the model of the beam under consideration and we give the main results of the paper. In Section 3, we give some preliminary results and then we state the existence and give some regularity results of the Cauchy problem in Section 4. The main results are proved in Section 5, and in Section 6, numerical simulations and physical applicability are studied.
Finally in Appendix A we prove the diophantine approximations needed for the controllability results of Section 5.
Modelization and main results
Let us consider a Bernoulli-Euler beam that is free at one end and clamped at the opposite end. The beam is subject to an attached piezoelectric actuator. Our model under consideration is the following (see [9, 16, 8] e.g.), for all 
The piezoelectric actuator acts a moment on the beam due to the applied voltage. This moment is only located on the actuator. It is expressed by (see [9, 14] ):
where K a is a constant based on the properties of the beam and the piezoceramic patches (see an expression in Section 6.1), V a ¡ t £ is the applied voltage to the piezoelectric actuator and x ¡ H ¡ x£ is the Heaviside's mapping, i.e. vanishing for all x ¢ 0, and equal to 1 for all x £ 0. Here ξ and η denote the location of the piezoelectric patch's ends along the x-axis.
To state our main results, let us introduce the function space Y α defined as follows, for all α Let us prove some preliminaries results which are useful for the proof of our main results.
Preliminaries
By a rescalling of the time and of the spatial coordinate x, we may assume in all the following (except in Section 6) that Y I 
We only considerate a null-controllability issue. That is, we say that the initial conditions w 0 ¢ w 1 are exactly controllable at time T if there exists u
Let us introduce the homogeneous Cauchy problem:
Let us end this section by studying the eigenfunctions of the operator w ¡ w xxxx and some asymptotic behaviors: 
where α k is the k-th positive root of
and
Moreover we have the following Taylor expansions, as k tends to
and also, for all ρ ¡
Proof : Thanks to (14) the eigenfunctions of A are a linear combination of x
Due to the boundary conditions at x 0, we have (15), for α k positive satisfying (19) and for some γ k and µ k in ¤ . Easy computations yield:
Moreover note that (24) implies (17) , and that (25), together with (24) implies (16) . Tedious computation
Let us now prove (20) . Note that, due to the periodicity of cos, we have
is a sequence such that β k ¡ 0 as k tends to infinity. Due to (16), we have
Let us now check the Taylor expansion (21). From (17) and (20), we get
¢ and thus we have (21). Thanks to (20) and (21), easy computations yield (22). This concludes the proof of Lemma 3.1.
¤
Note that, with the theory of closed operators, we get that the eigenvectors form an orthonormal basis of
Let us now study the existence and give some regularity results on the Cauchy problem.
Existence and regularity of solutions
We start by studying the Cauchy problem (10)-(13) and by writing down an estimation of 
, the solution of the homogeneous problem (10)-(13) is written in Fourier series as φ
Proof :
By the semigroup theory, we obtain that if
To prove (28), we use the following Ingham inequality, (see for example [12, 1] ) to our problem:
Then there exist two strictly positive constants C 1 and C 2 such that, for every sequence
With (29) and (30), we get,
This concludes the proof of Proposition 4.1.
¤
We now prove a theorem of existence and regularity for the problem (6)-(9) as follows
Due to the linearity of (6) we consider the case w 0
, in a first time and let φ be the solution of following backward problem,
By multiplying (6) by φ and integrating by parts, we get,
Proposition 4.1 implies that,
We conclude as in [20, Proposition 3.1] and get Proposition 4.3.
With this result of existence at hand, we can study the controllability results. It is done in Section 5.1 and 5.2.
Exact controllability results
Two kinds of exact controllability results are given in this section depending on the location of the piezoelectric actuator.
To state our controlabilty results, we use the HUM method [15] . By multiplying the second member of (1) by a test function φ
Therefore we need to find a lower bound of 
and we get, for all T ¡ 0, the existence of two constants C 3 and C 4 ¡ 0 such that, for all
Moreover, thanks to Lemma 3.1 we have
The estimation of (38) will be obtained by using (39), (40), Lemma 3.1 and diophantine approximations.
The key point of the proof of Theorem 2.1 is the diophantine approximation stated in Lemma 5.1 below. To prove this lemma, we only need to know the first term of the Taylor expansion of the sequence
To prove a controllability result in a larger set of initial conditions (namely Theorem 2.2), we need to prove an other result on diophantine approximation (Lemma 5.3) depending on the first four terms of the Taylor expansion of ¡ α k £ i.e.,( due to (20) ),
In this Taylor expansion the second term, namely (! 1 2 ), is rational and the two next terms vanish. Thanks to this Taylor expansion, we succeed to prove the diophantine approximation, needed for proving Theorem 2.2. For a different Taylor expansion such a diophantine result may be very difficult or impossible to prove. See also Remark A.5.
In the following sections we prove Theorems 2.1 and 2.2. 
For sufficiently regular initial conditions
We have to prove the following result on diophantine approximations by using these distances. 
To prove this Lemma, we need to rewrite the proof of [3, Lemma 1, page 121] on diophantine approximations. This proof is completely independent of the controllability results. Therefore we postpone it in appendix (see Section A.1).
The set A § ¡ 0¢ π£ 2 is defined by
where A 1 and A 2 are defined in Section A.1. Proof of Theorem 2.1: To begin with, let us prove the following lemma which is a consequence of the construction of the set A: 
Therefore we obtain the following observability inequality:
This concludes the proof of Theorem 2.1.
¤
Let us now prove an other controllability result in a larger set of initial conditions.
A controllability result in a larger set of initial conditions
The aim of this section is to prove Theorem 2.2, i.e a controllability result for a larger set of initial conditions than those considered in Theorem 2.1.
We have to prove the following result on diophantine approximations: 
To prove this Lemma, we use a previous result on diophantine approximation (more precisely [13, Page 21] ) and properties of the sets under consideration in the result given in [13, Page 21] . The proof of Lemma 5.3 is completely independent of the controlabilty results. Therefore we postpone it in appendix (see Section A.2).
The set B § ¡ 0¢ π£ 2 is defined by 
where p 2 is the nearest integer with respect to α k § 
This concludes the proof of Theorem 2.2.
¤

Numerical simulations
In this section, we check, on numerical simulations, the exact controllability. We compute also the physical voltage we need to apply on the piezoelectric-actuator to obtain the exact controllability. Moreover we look at the physical aspect of this exact controllability. First we give the mechanical values of the beam in an usual configuration and we describe our numerical algorithm in Section 6.1. Then we give the numerical simulations in Section 6.2.
Constants and algorithm
In this section, we apply a spectral method for numerical experiments. For greater interest, we have used the real values of the beam and of the piezoelectric actuator given in [10] . That is, the beam density is ρ 
h . We want to study numerically the problem (1)- (5) . In order to solve this problem numerically, we apply the Hilbert Uniqueness Method we have used in the previous sections, as an algorithm, see for example [5, 17] .
Thus we look at the linear application, Λ :
Let u be the solution of the following homogeneous problem,
We then consider w solution of the backward problem,
Thanks to Theorem 2.1, the application Λ is invertible. We approximate this linear application with a matrix computed on a truncated basis of the eigenfunctions defined in (15) .
We then apply the following algorithm. Let T ¡ 0 and N a positive integer be given. Let w 0 
Thus, let
, we solve (I) with these initial conditions and get the desired control V a by (50).
We implement this algorithm on Matlab to obtain we following figures. These programs can be sent upon request to the authors.
Numerical results
In the following simulations, we have taken T 1, N 20. For the first case, we have taken as initial conditions the first eigenvector of the operator A.
(51) Figure 1 shows that the computed control allows the profile of the beam to be null at T . Thus, this algorithm based on Hilbert Uniqueness Method can be used to calculate each control for every initial conditions. See also Figure 2 . The computed voltage we need to apply to obtain such a exact controllability result if drawn at Figure 3 . Note that the voltage applied on the piezoelectric actuator is in ¤! But, if we have in mind to do such real experiences, we have some constraints on the voltage we can apply on the piezoactuator, as V ¤!
400V¢ 400V
¥ (see [14] ). Hence, we have to take either a longer time of control for the initial deformation (51) or different initial deformations. Thus we take T 5. For this control time the profile of the beam at different time instants is given by Figure 4 and the voltage we need to apply is drawn at Figure 5 . We check that this voltage is between ! 400V and 400V . [15] ), we expect that this function is nonincreasing. This remark is validated with Figure 6 .
Let us now prove the diophantine approximations we need to state our main results.
Consider the a's such that inequality (52) has infinitely many solutions. Thus, there exist k £ K and an integer p p ¡ k£ such that 
A.2 Proof of Lemma 5.3
In this section we prove Lemma 5.3. To do this let us recall the following result: 
